We present duality invariant structure of the thermodynamic quantities of non-extreme black hole solutions of torodially compactified Type II (Mtheory) and heterotic string in five and four dimensions. These quantities are parameterized by duality invariant combinations of charges and the nonextremality parameter, which measures a deviation from the BPS-saturated limit. In particular, in D = 5 we find explicit S-and T-duality [U-duality] invariant expressions for solutions of toroidally compactified heterotic string [Type II string]. In D = 4, we consider general S-duality invariant expressions for non-extreme solutions of pure N = 4 supergravity and find to the leading order in non-extremality parameter the T-and S-duality invariant expressions of toroidally compactified heterotic string. General non-extreme solutions of toroidally compactified string in D = 4 are awaiting further investigation.
I INTRODUCTION

I. INTRODUCTION
There have been a number interesting developments in understanding the black hole physics in string theory (for a review, see e.g, [1, 2, 3] ). In particular, string theory makes it possible to address microscopic properties of black holes, like the statistical origin of black hole entropy and their radiation rates.
The prerequisite for such investigations are the properties of the classical black hole solutions. A program to obtain the explicit form of the "generating solutions" for general rotating black hole solutions for toroidally compactified heterotic and Type II string theories in diverse dimensions has been explored in detail (for a review see [3] ). (Note that this study excludes notable examples of black hole solutions for N = 2, D = 4, 5 string vacua; see e.g.,
Ref. [4] and references therein.). Such string vacua possess enough (super)symmetries and well understood moduli spaces, thus allowing for a reliable treatment of at least BPSsaturated solutions.
While the generating solutions specify the D-dimensional space-time, the ultimate goal is to cast such solutions into manifestly duality invariant form. This goal has been accom- has been cast in S-and T-duality [U-duality] invariant form. On the other hand, for the non-extreme solutions, primarily the structure of the generating solution was given, and the duality invariant structure of non-extreme solutions awaits further investigation (These issues have also been addressed in Ref. [8, 9] .).
The explicit form of the generating solutions in D = 4, 5 of torodially compactified string was given in [10] [11] [12] [13] (Particular examples of solutions have been obtained in a number of papers; for a review and references see [1] and references therein.). The main purpose of this paper is to fill in a gap by obtaining a duality invariant form of relevant thermodynamic quantities for non-extreme solutions. These quantities are expressed in terms of duality invariant combinations of ("dressed") charges and the non-extremality parameter, which parameterizes a deviation from the BPS-saturated limit (This parameter can be in turn traded for the ADM mass and a duality invariant combinations of dressed charges.).
In this attempt we were successful for D = 5 non-extreme solutions (for D > 5 the proce-dure is straightforward). In D = 4 we were able to obtain the results for certain truncations ("with fixed moduli") of N = 4, D = 4 supergravity theory as well as duality invariant expression to the leading order in the non-extremality parameter for toroidally compactified heterotic string. Thus, the general non-extreme solutions of toroidally compactified string in D = 4 still await further investigation. The stucture of these duality invariant solutions may also provide an indication about origin of their microscopic structure.
The structure of the paper is the following. In Section II.A we start with the generating solution for the toroidally compactified heterotic (and Type II string) in D = 5. In Sections II.B and II.C we obtain general non-extreme duality invariant thermodynamic quantities for D = 5 black hole solutions in toroidally compactified heterotic and type II string, respectively. In Section III.A we start with the four-charge parameter generating solution of toroidally compactified heterotic string in D = 4. In Section III.B we present non-extreme duality invariant thermodynamic quantities for general rotating black holes in pure N = 4 supergravity (i.e. with "fixed moduli"). In Section III.C we discuss their properties in the extremal and BPS-saturated limits. Finally, in Section III.D we also derive to the leading order in the non-extremality paramter the duality invariant expressions for D = 4 rotating black holes of toroidally compactified heterotic string theory. For the sake of completenes , S and T-duality transfomations of torodially compactified string in D = 4, 5 are given in the Appendix.
II. N = 4 AND N = 8 BLACK HOLES IN FIVE DIMENSIONS
The aim is to address general axi-symmetric solutions of the bosonic sector of the effective Lagrangian of toroidally compactified string theory. Since the bosonic sector includes the graviton, U(1) gauge fields, as well as massless scalar fields, the axi-symmetric solutions correspond to the dilatonic charged rotating black hole solutions. According to the "no-hair theorem" these black holes in D-dimensions are specified by the ADM mass M, [
] and the number of allowed charge parameters associated with U(1) gauge symmetry factors.
The most general black hole, compatible with the no-hair theorem, is obtained by acting on the generating solution with classical duality transformations. They do not change the D-dimensional Einstein-frame metric but do change the charges and scalar fields. One first considers transformations, belonging to the maximal compact subgroup of duality transformations on the generating solution, which preserve the canonical asymptotic values of the scalar fields and show that all charges are generated in this way. Another duality transformation is used to change the canonical asymptotic values of the scalar fields to their arbitrary one. The aim is then to cast such a general solution in the manifestly duality invariant form.
We apply this method first to D = 5 non-extreme black holes of toroidally compactified string.
A. The Generating Solution
It has been shown in [15] that the generating solution for both the toroidally compactified Type II string and the heterotic string can be specified by the U(1) charges in the NS-NS sector. Specifically in D = 5 the charge parameters of the generating solution are: Q of the (momentum, winding) sector of NS-NS sector of the string theory, and P is the electric charge of the gauge field, whose field strength is on-shell related to the field strength of the two-form field B µν by a duality transformation 1 . In addition the generating solution is specified by two angular momenta J ψ,φ and the non-extremality parameter r 0 , which measures a deviation from the BPS-saturated limit. The explicit form of this generating solution has been given in [13] . The corresponding entropy reads
where the physical charges are
and the angular momenta are defined as:
The ADM mass reads
Here the non-extremality parameter r 0 and a 1,2 parameterize respectively the ADM mass and the two components of the angular momentum of the D = 5 Kerr (neutral, rotating)
2 the solution has inner and outer horizon.). The three charges are determined in terms of r 0 and the three "boost" parameters δ i , corresponding to the symmetry transformations of stationary solutions which generate charged solutions from neutral ones (for more details see [13] ).
The BPS-saturated limit is obtained, by taking the non-extremality parameter r 0 → 0 and the boost parameters δ → ∞, while keeping the values of charges finite.
B. Duality Invariant Black Holes of Toroidally Compactified Heterotic String
We start from the generating solution of [13] (20)] introduces 24 new charge parameters. Thus the theory is specified by 27 charge parameters [15] . The action of these transformations renders the three charges of the generating solution in duality invariant form. Namely
while P remains intact. i.e. it is a singlet under T -duality transformations.
Using these three S-and T-duality invariant "coordinates" enables us to cast all parameters in the generating solution into S-and T-duality invariant form. For convenience we will discuss in the following only the entropy and the ADM mass. Introducing "non-extreme hatted" quantities we find the entropŷ
This is a duality invariant form of the ADM mass in terms of the non-extremality parameter and the charges. In principle, the inversion of this expression yields the non-extremality parameter in terms of the ADM mass and duality invariant combinations of charges.
In the regular BPS limit (r 0 → 0,J φ = −J ψ ) the entropy becomes independent of the moduli and is only a function of the bare quantized charges β and α, which are defined in terms of dressed charges as: P = β/g 4 and Q = g 2 M ∞ α. This yields [13] 
C. Duality Invariant Black Holes of Toroidally Compactified Type II String
The toroidally compactified Type II string theory has N = 8 supersymmetry and a scalar non-linear σ-modell with coset space
. The Neveu-Schwarz-Neveu-Schwarz (NS-NS)
sector of the theory yields the coset SO(1, 1)× SO(5,5) SO(5)×SO (5) (which is also the coset space of the toroidal sector of the heterotic string). Since the toroidally compactified heterotic string and the NS-NS sector of the toroidally compactified Type II string theory have the same effective action they also have the same classical solutions. Moreover, it was shown in [15] that the generating solutions for black holes in toroidally compactified Type II string theory are the same as the one of toroidally compactified heterotic string, i.e. the generating solution of toroidally compactified Type II string can be specified with the NS-NS charges, only. We will use this result here to present general U-duality invariant non-extreme solutions of Type II string theory in five dimensions.
The central charge matrix of N = 8 supergravity in five dimensions can be brought to a skew-diagonal form by the use of an USp(8) transformation [25] Z 0 = ΛZΛ T . In this normal form the central charge matrix has four real eigenvalues z i (i = 1, . . . 4). General U-duality invariants can be expressed in terms of the central charges as:
Using the USp(8) symplectic matrix Ω one can introduce the cubic invariant [23] J 3 which can be expressed in terms of central charge eigenvalues as:
and the constraint [24]
Hence, for the generating solution the central charge matrix is parametrized by three independent real eigenvalues [15] :
Since the generating solution is given by three independent charges the general non-extreme U-duality invariant solution must be a function of three U-invariants. We choose these three invariants to be J 2 , J 3 and J 4 . Using the following identities, satisfied by the generating solution,
2 , (II.14)
enables us to solve a cubic equation for all three charges of the generating solution in terms of U-invariants (Q 1,2 , P → X i ). We find three real solutions
The entropy and the ADM mass for general non-extreme U-duality invariant black holes in five dimensions is (II.7) and (II.8) in these coordinates 2 . In the regular BPS limit the entropy is only a function of J 3 [7, 15] and one angular momentum
(II.17)
III. N = 4 BLACK HOLES IN FOUR DIMENSIONS
In D = 4 the generating solution is parametrized by five charges [14, 15] . Although we will comment on these general non-extreme black holes at the end of this chapter, we
were not able to find the general non-extreme duality invariant thermodynamic quantities within our approach. However, starting with a truncated version of the generating solution, specified by four-charges, and further reducing it to two with "fixed values" of moduli, we find the duality invariant combinations of charges specifying non-extreme solutions of pure N = 4 supergravity.
In addition, in Section III. we shall address the duality invariant solutions of torodially compactified string theory. Using the results for the non-extreme five (charge) parameter generating solution of [12] and the duality invariant structure of such solutions in the BPS limit [14] , we were able to determine the duality invariant form of the near-extreme solution.
2 A special case of this general non-extreme solution is a Kerr-Newman type solution with .
In the extremal limit r 0 = 2(a 1 + a 2 ) 2 with a 1,2 ≥ 0 we can eliminate one angular momentum parameter by keeping the other one and the non-extremality parameter. We find
. The entropy in the extremal limit reads S EXT = π 2(P + +P − ) 2 − (P + −P − − 4J ψ ) 2 + P + −P − . An analogous discussion holds for the toroidally compactified heterotic string in five dimensions (with N = 4 supersymmetry).
A. The Generating Solution
The starting point of the D = 4 black hole solutions is the Kerr-solution (neutral rotating black hole) 3 , The solution is specified by the non-extremality parameter r 0 and one rotational parameter a. Kerr metrics are all stationary and axisymmetric with Killing fields
The event horizons are located where the r = const surface vanishes. Thus the inner and the outer horizon is given by
provided r 0 /2 ≥ a. These horizons disappear for a > r 0 /2 giving rise to a naked singularity.
The limit a → r 0 /2 is known as the extremal limit. The physical singularity of the vacuum Kerr solution is time-like and concentrated on a ring at r = 0 and θ = π/2.
Performing four boost transformations on the Kerr solution, i.e. symmetry transformations of stationary solutions, generate charged solutions (for more details see [12] ) specified by the four charges:
Here (P
1 , P
2 )] are the magnetic [electric] charges associated with U(1) gauge fields A (1,2)
µ 2 ] in the (momentum, winding) sector of the string theory, associated with the first [second] compactified direction. These charges are entries in a vector Q ∈ O (6, 22) and P ∈ O(6, 22) with Q T = (0, Q
2 , 0 4 ; 0, Q
2 , 0 20 ) and P T = (P
1 , 0 5 ; P
1 , 0 21 ). The corresponding charged rotating solution has the angular momentum specified as [11] 
This generating solution is thus parametrized by the non-extremality parameter r 0 and the four charges (III.2) and the angualr momentum (III.3).
The four dimensional metric and the fields for this solution have been given in [12] . The entropy and the ADM mass of this charged rotating solution is [11] :
We take G N = 1 4 g 2 , g 2 = e Φ∞ . 4 and the dilaton charge is of the form:
Note that the above solution, specified by four-charges (III.2), corresponds to a special case of the generating solution for torodially compactified heterotic and Type II [15] string, which is specified by five charge parameters.
B. Duality Invariant Black Holes in N = 4 Supergravity
We start with this four-charge parameter generating solution of toroidally compactified heterotic (or Type II) string (described in the previous Section) in order to obtain the general S-duality invariant solutions of pure N = 4 supergravity theory (i.e., with "fixed moduli").
The scalar sector of D = 4 torodially compactified heterotic string corresponds to the non-linear σ-model with coset space (22) . We can now derive a T-duality (22)). Namely, the solution is specified by 28 electric and 28 magnetic charges subject to two charge constraints.
Thus, the action of the transformations renders the four charges of the generating solution to a T-duality invariant form:
The corresponding solution obeys two O(6, 22) invariant constraints on the charges:
and is not invariant under SL(2, R) transformations. The dressed charges are related to bare quantized charges in the following way:
Setting, Φ ∞ = Ψ ∞ = 0 and M ∞ = I 28 , allows one to perform an SO(2) (maximal compact subgroup of S-duality group SL(2, R)) transformation specified by angle θ , which enables one to find a manifestly S-duality invariant form of the solution. This transformation removes one of the charge constraints. However, one constraint on charges remains and can be cast in the form:
This constraint can be solved to give
Thus we find µ − α = µ − β = 0 and recover the result that a consistent N = 4 truncation of the heterotic string theory in four dimensions removes the "left-movers" by identifying the momentum with the winding modes and sets, in addition, the 16 Yang-Mills gauge fields of the heterotic string theory to zero 5 . As the last step one can transform the solution back to the physical, dressed charges with arbitrary asymptotic values of the dilaton and axion fields.
Thus, in order to ensure that the remaining charge constraint (III.9) is (automatically) satisfied we ended up with an S-duality invariant solution of pure N = 4 supergravity (with "fixed moduli") and the coset space
. Namely, the corresponding matrix of the moduli is diagonal and constant and only the dilaton and the axion remain as dynamical scalar degrees of freedom. This truncated model contains now 6 vector fields and parametrizes 12 charges.
5 Thus the notation is somehow redundant:
The analogous notation holds for the bare magnetic charges as well. The surviving symmetry group is only SO(6), but for convenience we keep the "trivial" SO(6, 6) notation.
The same solution can be obtained directly by starting with the special case of the generating solution with P 1 = P 2 and Q 1 = Q 2 . The corresponding solution is specified by two harmonic functions and fits into the pointlike supersymmetric Wilson-Israel-Perjés solutions of [8] . There the non-extreme entropy was also given in a duality invariant form and the corresponding thermodynamic quantities can be read off straightforward.
The charges of the generating solution P 1 and Q 1 emerge in the general solution of pure N = 4 supergravity to two (S-duality invariant) coordinates X and Y respectively.
These coordinates are -analogous to our five dimensional considerations -invariant under SO(6) and SL(2, R) transformations 6 . Thus they provide a basis to discuss T-and S-duality invariant quantities. In terms of the "non-extreme hatted" quantitieŝ
(III.14)
the ADM mass and the dilaton charge are of the form
The non-extremality parameter r 0 , which is invariant under T-and S-duality, can in turn be determined in terms of the duality invariant combinations of charges X and Y and the ADM mass as:
This gives then the corresponding solution for the entropy of the Kerr solution with nonvanishing total angular momentum J = aM 6 These coordinates are also invariant under general O(6, 22) transformations.
To calculate the surface gravity κ = lim r→r + √ g rr ∂ r √ −g tt |θ=0 of the Kerr solution we need the metric components of the solution in duality invariant form. Using the results above they can be easily read off of the generating solution in [11] . We find the surface gravity to be
The Hawking temperature of the black hole is T = κ 2π
. Hence we recover the established relation [6, 5] :
Moreover, the Killing field χ a = ξ a + Ωψ a is defined to vanish at the horizon (r = r + ). This yields the angular velocity
C. Extremal and BPS Limits
The extremal limit, in which the event horizon is about to disappear, is given by
The extremal ADM mass (III.20) reduces to the BPS mass [10] in the limit J → 0. This regular BPS limit, which is a special extremal limit, has no naked singularity. In the extremal limit we have r 0 → 0 if and only if J → 0. Hence the inequality r 2 0 ≥ 4J 2 is saturated in the regular BPS limit. Thus the regular BPS limit is the extreme limit with vanishing angular momentum and the rotating non-extreme black holes lose all their angular momentum on their way to extremality. A possible dynamical process, that drives black holes to extremality, while they lose all their angular momentum, is the "Penrose Process" [17] . Once the BPS limit is reached due to this process, the remaining black hole is spherically symmetric. It is rather interesting that this classical process is compatible with the Bogomol'nyi-Gibbons-Hull bound, since the process stops if an irreducible mass is reached [18] .
The Bogomol'nyi-Gibbons-Hull bound itself [19] determines the mass of particle states in extended supersymmetric theories in terms of the central charge matrix Z AB . (For a review see [20] and reference therein.)
The central charge matrix Z AB can be brought to a skew-diagonal form by a SU(4) transformation [25] :
In terms of duality invariant quantities the absolute values of these eigenvalues are [21] 
In the regular BPS limit we have
Moreover, the moduli fields, the dilaton and the axion are fixed values in the BPS limit at the horizon. The corresponding entropy only depends on the bare quantized charges [26] .
Furthermore it has been shown in [7] that this result can be understood from a point of view of "supersymmetric attractors". In N = 4 supergravity we only have to find the fixed values of the dilaton and the axion at the horizon. Following [7] the dilaton charge has to vanish in the BPS limit (z 2 = 0). This implies Γ(L) = 0 and yields
The corresponding area of the horizon is proportional to the largest eigenvalue of the central charge at the fixed points of the dilaton and the axion.
The remaining theory in the BPS limit has N = 1 supersymmetry and the BekensteinHawking entropy is
D. Duality Invariant Black Holes in N = 4 String Theory
Now we turn to a discussion of general static case of toroidally compactified heterotic string with the scalar coset space (22) . Although we were unable to present the complete duality invariant solution, however, we found the T-and S-duality invariant entropy of general near-extremal solutions.
Starting with the non-extreme five-paramter generating solution of [14, 12] The outstanding problem is to find the duality invariant form of the parameters λ i 7 with
0 , Q i , P i ). However, since λ i depend on r 2 0 only, we can determine the T-and S-duality invariant form of the entropy in the near-extremal limit.The entropy reads
Here the λ
i are the eigenvalues in the BPS limit. Starting with the BPS five-charge (generating) solution of [14] and imposing T-and S-duality transformations one finds for the general 56-charge configuration the following T-and S-duality invariant quantities 7 U-duality invariant structure of non-extreme black holes have also been considered in [9] . However, in that case we were unable to reproduce the BPS limit of the five-charge parameter generating solution.
Here we used the following definitions The moduli fields of the heterotic string theory in four dimensions can be combined to an O(6, 22) matrix valued scalar field M [16] with
The gauge sector in four dimensions consists out of 28 U(1) gauge fields A (a) µ (a = 1, . . . 28). The antisymmetric tensor and the dilaton combine in four dimensions to a complex scalar λ with the help of the Poincaré duality, which transforms on-shell the antisymmetric tensor B µν to an axion Ψ. Since we consider SL(2,R) invariance, which is -first of all -only a symmetry of the equations of motion, we restrict ourselves to the on-shell case. This corresponding on-shell action is invariant under O(6, 22) and SL(2, R) transformations. The subgroup O(6, 22; Z) (T-duality group) is an exact symmetry of the string theory, whereas the subgroup SL(2, Z) (S-duality group) is a conjectured non-perturbative symmetry of string and M-theory. For the low energy effective heterotic string compactified on T 5 [13] the T-duality group is SO(5, 21, Z) with analogous transformations of the fields with respect to the four dimensional case. On the other hand, the S-duality group becomes simply SO(1, 1, Z).
The low energy effective Type II string compactified on T 5 [15, 23] has T-duality group SO(5, 5, Z) with analogous transformations of the fields with respect to the four dimensional case. Moreover, the U-duality group in five dimensions is E 6(6) (Z) [22] . The maximal compact subgroup is the unitary symplectic group USp (8) . The 27 abelian gauge fields of N = 8 supergravity and their corresponding charges transform as a 27 vector of E 6(6) .
